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Abstract

A continuum damage mechanics constitutive model is developed to describe the mechanical behavior of ®ber-
reinforced ceramic matrix composites submitted to complex multiaxial loadings. This model relies on the use of a
phenomenological internal damage variable de®ned as the change of the compliance tensor induced by any given
loading. Microstructural observations of the damage entities provide qualitative data allowing us to formulate

physically founded simplifying hypotheses. The evolution laws of scalar damage variables derived from the
components of the compliance tensor are established within a classical thermodynamic framework, using coupled
multicriteria expressed in the space of the associated thermodynamic forces. Damage deactivation processes related

to the unilateral crack closure e�ect observed under compressive loadings are introduced through the de®nition of
e�ective compliance tensor components. This approach is applied to a 2-D woven SiC/SiC composite processed by
chemical vapor in®ltration (CVI). Major advantages and drawbacks of the proposed approach as observed from

various validation tests are discussed. # 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Fiber reinforced ceramic matrix composites (CMC) display an extended non-linear mechanical
behavior related to the onset and growth of matrix microcracks and various associated ®ber/matrix
interactions such as debonding and sliding (Evans and Marshall, 1989). The progressive development of
these various energy dissipating phenomena, collectively termed as damage, is highly anisotropic in
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nature and is accompanied by an anisotropic degradation of the elastic properties of the composite
leading to its ®nal rupture. These damage mechanisms also present a markedly unilateral character,
depending on whether matrix microcracks are closed or open, i.e. the material behaves di�erently under
tensile and compressive loadings (Chaboche et al., 1995).

Damage mechanics, which relates the development of damage mechanisms inside a material to their
e�ects on the elastic coe�cients, may be considered as the modelling of these phenomena on a structural
analysis scale. Since the early works of Kachanov (1958), damage mechanics has proved to be an
e�cient tool in predicting the constitutive behavior of a structure submitted to complex loadings for a
wide variety of materials such as metals and concrete (Krajcinovic, 1989; LemaõÃ tre, 1992), and more
recently ®ber reinforced composites (including CMCs) (LadeveÁ ze, 1994; Chaboche et al., 1995; Burr et
al., 1997). The essentials of the damage mechanics approach to the formulation of constitutive laws for
damaged materials may be classi®ed into two large categories:

(i) The micromechanical approaches, aimed at establishing a functional dependence between the
microdefects (as de®ned by geometrical parameters), the properties of the constituent materials and
the macroscopic behavior. Properties of the continuous equivalent damaged medium are usually
obtained through an homogenization method, either numerical or analytical (Duvaut, 1976; Laws
and Dvorak, 1987; Gudmundson and Ostlund, 1992).
(ii) The meso and/or macroscopic approaches, which consist of measuring the e�ects of the internal
morphological changes on the mechanical response through the introduction of an internal state
variable, referred to as the damage variable, in the sense of irreversible thermodynamics (Harris et al.,
1989; Talreja, 1991; Chaboche, 1993; LadeveÁ ze, 1994). These approaches have given rise to a branch
of continuum mechanics known as continuum damage mechanics (CDM).

Despite their advantages in taking into account physical reality with a minimum of ambiguity, the
micromechanical approaches are usually unsuitable for modelling the general behavior of a real material
(i.e. submitted to a multiaxial stress state) in which geometry and kinetic laws of the microdefects
present a complex feature. Similar drawbacks may be underlined, yet to a lesser extend, with CDM
approaches based on internal variables derived from microstructural damage entities (Harris et al., 1989;
Talreja, 1991; Aussedat et al., 1993). Indeed, at least for CMCs and as far as structural computation is
concerned, the most reliable behavioral models have been established with CDM approaches based on
phenomenological internal variables directly derived from the mechanical response (Cluzel et al., 1992;
LadeveÁ ze et al., 1994; Chaboche et al., 1995; Aubard, 1995). Incidentally, it is worth mentionning that
among these approaches, recent works have made the connection with the mechanisms revealed by
research in materials science (Burr et al., 1995, 1997).

The goal of the present work is to establish a constitutive model of the mechanical behavior of CMCs
submitted to complex multiaxial loadings, in view of being incorporated in appropriate ®nite-element
codes allowing the e�ective design of complex components. The approach adopted in the present paper
lies within the CDM framework and is restricted to materials possessing an orthotropic ®brous
reinforcement. It uses a phenomenological internal damage variable based on a di�erent de®nition than
those encountered so far for CMCs. Following Ortiz, who ®rst introduced this formulation in the case
of concrete (Ortiz, 1985), the state of damage of the material is de®ned by the change of the compliance
tensor induced by any given loading. In addition, microscopic observations of the onset and growth of
the damage entities provide necessary guidelines for the formulation of physically founded simplifying
hypotheses from which are derived the constitutive equations. The principal reproach usually made to
the phenomenological CDM approaches, i.e. the lack of a well de®ned physical meaning of the damage
variable, is thus partly overcome. Damage kinetics, i.e. the damage increase laws as a function of the
imposed loading, are established within a classical thermodynamic framework, based on the
introduction of two potentials, the thermodynamic potential and the dissipation potential (Bataille and
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Kestin, 1979; Germain et al., 1983). Such a framework thus ensures thermodynamic consistency of the
behavioral model, which is a regular prerequisite to an implementation into ®nite-elements codes.

This general approach is applied to a 2-D woven SiC/SiC composite processed via the chemical vapor
in®ltration (CVI) of a SiC matrix into a SiC±Nicalon ®brous preform. In order to obtain a clearer
understanding of the basic hypotheses introduced in the development of the constitutive model, results
and analysis of the mechanical behavior of the material are underlined ®rst. Based on these results, the
modelling approach and the inferred constitutive equations are then established. Finally, the various
functions and parameters entering the model are identi®ed and some experimental validations
illustrating its applicability are given.

2. Material and experimental results

2.1. Material description

The 2-D SiC/SiC composite supporting the present model was processed by SEP (SocieÂ teÂ EuropeÂ enne
de Propulsion) by chemical vapor in®ltration of SiC into a bidirectional ®brous preform consisting of a
stack of SiC±Nicalon ®ber woven fabrics (plain weave). Before in®ltration by the matrix, the ®bers
received a proprietary surface treatment and were then coated with a pyrocarbon interphase in order to
enhance the desired non-linear/non-catastrophic tensile behavior while preserving the stress to rupture
(Jouin et al., 1993).

These processing steps resulted in ¯at rectangular plates of a material referred to as 2-D SiC/SiC
0.4% (i.e. with a mean failure strain of at least 0.4%) having a ®ber content of approximately 35 vol.%
and a residual porosity inherent to the CVI process in the range 10±15 vol.%. A comprehensive
description of the microstructure of the material, which is beyond the scope of this paper, may be found
in reference (Guillaumat, 1994).

It is worth mentioning that this 2-D SiC/SiC 0.4% is not fully identical to a commercially available
material. Direct comparisons between present data and others should therefore be avoided as these
materials may behave di�erently due to di�erent processing conditions.

2.2. Mechanical behavior

The basic stress±strain curves summarizing the room temperature mechanical behavior of the material
are displayed from Figs. 1±3. Results of the tests performed in tension, within the ®ber axis and o�-axis
(at 208 and 458), as well as in shear with the Iosipescu con®guration, are taken from a previous study
completed by Aubard (1992). In order to take into account the compressive behavior in the modelling
approach, these former results were complemented by additional compression and tension/compression
tests. Specimen design, test procedure and strain measurement methods have been thoroughly described
previously (Aubard, 1992). It is yet important of note that all the tests were performed at a constant
slow strain rate of 0.04% minÿ1, insuring quasi-static loading conditions.
The tensile behavior proves to be quasi damageable-elastic, i.e. the material's apparent modulus

progressively decreases as non-linearity takes place whereas residual strains observed upon complete
unloading as well as loading/unloading hysteresis loops are weakly extended. Beyond an applied stress
of about 150 MPa and up to ®nal rupture, this behavior also presents an increasingly anisotropic
character.

The compressive behavior is linear-elastic and brittle whatever the loading angle and, besides, remains
una�ected by a preliminary damaging tensile loading: complete closure of the matrix microcracks
generated in tension recovers the apparent initial modulus of the material. Furthermore, the
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prolongation of the unloading sequences in the compression domain does not appear to subsequently
modify the tensile behavior when compared to similar monotonic tensile tests.

The dependence of the applied stress as a function of the in-plane transverse strain observed from a
tensile test performed within the ®ber axis evidences an important variation of the o�-diagonal
component of the compliance tensor, S12. This term regularly increases once damage takes place, leading
thus to a reversal in the transverse strain, up to a zero or even slightly positive value. Such a behavior
may be related to the extension of debonding accompanying matrix microcracking: the progressive
release of stresses in the matrix at and near the cracks surfaces increasingly reduces its lateral Poisson's
contraction (Wang and Parvizi-Majidi, 1992). However, it should be emphasized that the magnitude of
these transverse strains remains very small, i.e. less than 0.01% in absolute value. As in the case of the
axial modulus, unloadings prolonged in the compression domain restitute the initial value S0

12.

Fig. 1. Mechanical behavior of the 2-D SiC/SiC 0.4% in monotonic tension (a) and monotonic compression (b) for various loading

angles.
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The in-plane shear behavior may also be considered, with a good approximation, as damageable-
elastic. It is characterized by a limited strain hardening, close to that displayed by the stress±strain
response of the 458 o�-axis tensile test, and an important angular strain to rupture.

Figs. 4 and 5 display typical microstructural changes taking place in the material when tested in
tension under various loading angles. These microstructural characterizations were obtained through
optical microscopy observations performed on polished samples cut from specimens tested to failure.
They complement previous observations made in situ during the tests as well as on specimens taken
from tests interrupted at di�erent load levels (Aubard, 1992; Guillaumat, 1994).

Matrix microcracks generated under on-axis tension are predominantly orientated perpendicular to
the applied load. Their development may be described on the basis of three major stages. A ®rst
cracking pattern initiates at the sharp singularities of macropores present in the inter-bundle matrix-rich
region. A second family of cracks, referred to as longitudinal cracks, then takes place in the transverse

Fig. 2. Stress/strain curves for tension/compression loadings, (a) within the ®ber axis, (b) at 458 o�-axis.
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bundles. The last stage involves the propagation of these two ®rst generations of cracks in the
longitudinal bundles followed by a subsequent intense additional matrix microcracking within these
bundles (referred to as transverse cracks with a ®nal crack spacing of about 15 mm).

The onset of the Iosipescu shear-induced damage also follows a multi-stage scheme but microcracks
are, as previously attested by other authors (Cady et al., 1995), mainly inclined at about 458 to the ®ber
axes.

Microstructural characterization of the specimens tested under o�-axis tension reveals that the ®rst
family of inter-bundle matrix microcracks is mainly inclined at 458 to the ®ber axes, whereas both
longitudinal, transverse and 458 microcracks may be observed inside the ®ber bundles. It is also worth
mentioning that, under 208 o�-axis tension, few cracks tend to be tilted perpendicular to the loading
axis.

3. Description of the proposed model

3.1. De®nition of the damage variables

3.1.1. Basic hypotheses
The model is established under the general hypothesis of small isothermal displacements and quasi-

static loadings (i.e. the damage phenomena are assumed to be time independent) for an average plane-
stress state within the plane of the plies.

As originally proposed by Ortiz (1985), the state of damage of the material is directly characterized by
the change of the compliance tensor induced by the imposed loading. This compliance tensor may thus
be written under the following additive form:

S � S0 � DS �1�
in terms of the initial compliance tensor of the undamaged material S0 and the added compliance DS
linked to the presence of damage in the material. This fourth rank symmetrical tensor, DS, is thus
de®ned as the internal variable representing the current state of damage in the material (Baste and

Fig. 3. Stress/strain response of the 2-D SiC/SiC 0.4% under in-plane Iosipescu shear.
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Audouin, 1991). Such a de®nition allows for the description of induced anisotropic elastic degradation
with a minimum of ambiguity while limiting the data base requirements to a minimum.

On the basis of the experimental results previously described, it may then be further assumed that:

(i) the ®ber directions naturally represent the local orthotropy axes of the composite and this
orthotropic symmetry is maintained throughout the damage processes,
(ii) the composite behaves as a damageable-elastic material, i.e. linear elasticity is assumed to hold if
the damage state does not change.

The ®rst assumption is supported by the microstructural analysis of the damage modes which has
evidenced three main sets of microcracks with preferred orientation either normal, parallel and/or at 458
to the ®ber bundles when a shear component is present. This last class of 458 cracks will thus be treated

Fig. 4. Optical micrographs taken on a specimen tested to rupture in tension within the ®ber axis showing: (a) inter-bundle matrix

microcracks (plane (1,2)), (b) intra-bundle matrix microcracks (plane (1,3)).
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in the mathematical model through their equivalent e�ects on the elastic properties of the homogenized
orthotropic continuum. As already stated, the hypothesis of a damageable-elastic behavior is justi®ed by
the weak residual strains and hysteretic e�ects observed from the interposed loading/unloading cycles.
This means that the composite is considered as averagely free of residual stresses and that the non-linear
dissipative e�ects are mainly attributed to damage.

Given these hypotheses, the constitutive law of the material may then be simply expressed in the
initial orthotropy axes of the composite according to a generalized Hooke's law:

ei �
�
S0

ij � DSij

�
sj �i,j � 1,2,6� �2�

using the summation convention over repeated indices and the Voigt contracted notation where indices
1 and 2 represent the ®ber directions while index 6 represents in-plane shear (with e6=2e12). ei and si are
the components of the strain tensor ee and the stress tensor ss, respectively.

Damage variables used in CDM approaches are traditionally given non-dimensional values. The
diagonal components of the internal damage variable DS are thus normalized by their respective initial
compliance values, which de®nes the three following scalar damage variables:

oi � DSii

S0
ii

�i � 1,2,6�: �3�

3.1.2. Compressive behavior and damage deactivation
Eq. (2) applies to monotonic tensile and/or shear loadings for which damage is active, i.e. the

microcracks are in the process of opening. In the case of complete crack closure, called passive damage
or damage deactivation, the initial undamaged elastic properties are recovered. In order to take into
account compressive loadings in the constitutive law, it is thus necessary to introduce an active/passive
unilateral damage condition. For this purpose, an e�ective compliance tensor ÃS is considered, whose
diagonal components are de®ned as follows (Chaboche et al., 1995):

Fig. 5. Optical micrograph taken on a specimen tested to rupture in tension at 208 o�-axis revealing both 458 shear induced matrix

microcracks and microcracks normal to the ®ber axis (plane (1,2)).
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Ŝii � Sii �
ÿ
1ÿH�ŝi �

�ÿ
S0

ii ÿ Sii

� �i � 1,2,6; no summation�, �4�

where H represents the Heaviside function:�
H�x� � 0 if x < 0
H�x� � 1 if xr0

,

and ŝi�1,2,6 stands for equivalent deactivation stresses. In a ®rst approximation, an active/passive
condition based on a normal stress criterion may be retained in the case of tension/compression loadings
performed within the ®ber axes (Chaboche, 1993). However, for complex loadings containing both
compressive and shear components, it is reasonable to state that complete crack closure will be linked to
a `competition' between these two stress components. As a consequence, the deactivation stress ŝ6
should be given a functional dependence towards the components of the stress tensor, hence:�

ŝi � si i � 1,2
ŝ6 � ŝ6�s1,s2,s6� : �5�

The expression for ŝ6 will be explicitly established in a later section.
By combining Eqs. (3) and (4), the components of the e�ective compliance tensor ®nally become:

Ŝii � S0
ii

ÿ
1�H�ŝi �oi

� �i � 1,2,6; no summation�: �6�

3.1.3. O�-diagonal compliance tensor component
The o�-diagonal component of the compliance tensor, S12, is a coupling term whose changes may be

viewed as an indirect consequence of damage, i.e. most probably linked to the extension of ®ber/matrix
debonding and/or to the opening of shear-induced 458 matrix cracks. Thus, the de®nition of a damage
parameter o12 related to the variation of S12 is mainly introduced in the present model for the sake of
simplifying the notations, but will not be accompanied by an associated thermodynamic force (as
de®ned in the next paragraph). Taking into account this consideration as well as, besides, the low values
observed for the transverse strains, the following simple de®nition is thus retained:8>><>>:

o12 � DS12��S0
12

��
Ŝ12 � S0

12

ÿ
1ÿH�ŝ�o12

�
,

�7�

where ŝ is an equivalent deactivation stress aimed at restituting the initial value S0
12 upon compressive

loadings, as attested experimentally from the 08 tension/compression test. The functional dependence of
ŝ towards the components of the stress tensor will also be explicitly given in a later section.

The existence of a strain energy function imposes some thermodynamic restrictions on the variation of
the damage parameters, as the compliance tensor should remain a positive de®ned operator all along the
loading paths (LemaõÃ tre and Chaboche, 1985), hence:

Sii > 0 �i � 1,2,6; no summation� �8a�

S11S22 ÿ S2
12 > 0: �8b�

Since damage is considered as a dissipative phenomenon and can thus only increase or remain stable,
it follows that _oi�1,2,6r0, which is a su�cient (but unnecessary) condition for Eq. (8a) to be respected.
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In the present case of the 2-D SiC/SiC composite, given the fact that S12 increases as damage takes
place, and taking into account the initial tetragonal symmetry �S0

11 � S0
22�, Eq. (8b) leads, with a little

algebra, to the following thermodynamic restriction regarding o12:

o12 < 1ÿ S0
11

S0
12

����������������������������������
�1� o1��1� o2�

p
: �9�

3.2. Damage kinetics and constitutive law

Damage variables having been de®ned, constitutive equations describing the damage kinetics, i.e. the
increase laws of these damage variables as a function of the imposed loading, are necessitated to
complete the anisotropic damage model. A classical way to formulate both the constitutive law and the
damage kinetics is to consider the framework of the thermodynamics of irreversible processes, in which
two potentials are introduced (Bataille and Kestin, 1979; Germain et al., 1983):

. the thermodynamic potential, written as a function of the state variables, which de®nes the state
(constitutive) laws and the conjugate variables associated to the state variables.

. the dissipation potential, written in the space of the associated variables, which accounts for the
kinetics laws of evolution of the dissipative internal state variables.

3.2.1. Thermodynamic potential and constitutive laws
Since damage is considered as the only dissipative phenomenon responsible for the non linearities, the

damage variables oi = 1,2,6 obviously constitute the dissipative internal state variables. The present
de®nition of damage based on the change of the compliance tensor naturally dictates the choice of ss
and T, respectively, the stress tensor and the absolute temperature, as the `observable' state variables as
well as of a thermodynamic potential based on the Gibbs free energy, F. For the present restriction to
isothermal processes, it has been shown that the negative of the Gibbs free energy is merged with the
complementary strain energy density function W � (Fung, 1965), so that:

ÿF �W � � 1

2
sss: ÃS:sss, �10�

where the symbol (:) denotes the contracted product upon two indices.
By combining Eqs. (6), (7) and (10), it follows that the thermodynamic potential, now identi®ed as

W �, may be expressed by:

2W � � S0
11

ÿ
1�H�ŝ1�o1

�
s21 � S0

11

ÿ
1�H�ŝ2�o2

�
s22 � S0

66

ÿ
1�H�ŝ6�o6

�
s26

� 2S0
12

ÿ
1ÿH�ŝ�o12

�
s1s2:

�11�

The conjugate variables associated with the state variables are then derived from the thermodynamic
potential, as follows:

eee �
�
@W �

@s

�
o
� ÃS:sss �12a�
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Yi �
�
@W �

@oi

�
si

� S0
iiH�ŝi �s2i

2
�i � 1,2,6�: �12b�

The variables Yi are the thermodynamic forces associated with the damage variables oi, they represent
the driving forces accounting for the kinetic laws of evolution of the dissipative damage variables.
Within the CDM framework, these variables have the precise meaning of energy, released per volume,
due to the advancement of damage and are thus referred to as `energy density release rates' (LemaõÃ tre,
1992). As previously stated, the change of the o�-diagonal compliance tensor component S12 being an
indirect consequence of damage, the variable o12 should not be viewed as a dissipative state variable
and, consequently, does not de®ne an associated thermodynamic force.

Eq. (12a) establishes the constitutive (state) law of the material which, by deriving from the state
potential, thus ensures a continuous relationship between stresses and strains:8><>:

e1 � S0
11

ÿ
1�H�ŝ1�o1

�
s1 � S0

12

ÿ
1ÿH�ŝ�o12

�
s2,

e2 � S0
12

ÿ
1ÿH�ŝ�o12

�
s1 � S0

11

ÿ
1�H�ŝ2�o2

�
s2

e6 � S0
66

ÿ
1�H�ŝ6�o6

�
s6:

�13�

In order to be thermodynamically consistent, the Clausius±Duhem inequality, which contains both the
®rst and the second principle of thermodynamics and accounts for a positive dissipation, has to be
veri®ed. In the present case of damage growth being assumed as the only dissipative phenomenon and
for an isothermal process, this inequality reduces to:

Yi _oir0 i � 1,2,6: �14�
Considering that the thermodynamic forces Yi are always positive and that the above inequality

should hold for any given loading, this principle will then be automatically checked if (and only if) the
complementary laws describing the damage kinetics respect the conditions _oi�1,2,6r0.

3.2.2. Dissipation potential and damage kinetics
The requirement of positive internal dissipation gives the motivation to postulate the existence of a

dissipation potential, written in the generalized space of the associated thermodynamic forces, from
which are derived the damage kinetic laws. In the present case, within the simplifying assumption of a
time independent process, an associated framework is used in which the dissipation potential is replaced
by damage criterion functions describing the surface limiting the undamaged domain (LadeveÁ ze, 1994;
Chaboche et al., 1995).

The di�erence observed in the damage modes induced by tensile and shear loadings suggests the
choice of coupled multiple criteria, one for each damage variable. Considering, besides, the initial
tetragonal symmetry of the material which imposes an equivalence of this multicriteria in directions 1
and 2, the evolution of the damage variables is given the following general form:8><>:

o1 � f1
ÿhY �1 ÿ Y01i�,

o2 � f1
ÿhY �2 ÿ Y01i�

o6 � f6
ÿhY �6 ÿ Y06i�, �15a�

with the notation:

x�t� � Sup
tRt
�x�t��: �15b�

The symbol h.i signi®es the McAuley bracket with its usual de®nition: hxi=1/2(x+|x|), f1 and f6
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represent the principal damage threshold functions for tensile and shear loadings, respectively, whereas
Y01 and Y06 stand for the initial damage thresholds. The use of the McAuley bracket thus simply states
that no damage occurs as long as these initial thresholds are not exceeded (providing functions f1 and f6
are taken to be zero at the origin).

Y �i�1,2,6 are scalar functions of the thermodynamic forces Yi = 1,2,6 representing the equations of the
damage surfaces. The supremum taken over the Y �i is aimed at storing the loading history by stating
that the values at a given time t of the damage variables will increase only if the maximum value of Y �i
reached during previous loadings is exceeded. Positive dissipation, together with the assumption that the
damage kinetic laws are derived from a multisurface potential, require the scalar functions f1 and f6 to
be positive and monotonously increasing, and the damage surfaces Y �i�1,2,6 to be positive and at least
star convex with respect to the origin (Matzenmiller et al., 1995).

The equations of the damage surfaces are explicitly expressed as:and8>>>>>>><>>>>>>>:

Y �1 �
hÿ
Y n

1 � �g12�Y2�Y2�n
�m=n��g16�Y6�Y6�m

i1=m
,

Y �2 �
hÿ
Y n

2 � �g12�Y1�Y1�n
�m=n��g16�Y6�Y6�m

i1=m
Y �6 �

h
Y m

6 � ��g61�Y1�Y1�n � �g61�Y2�Y2�n�m=n
i1=m

:

�16�

The exponents m and n are positive constant coe�cients aimed at adjusting the coupling intensity
between the thermodynamic forces while avoiding the introduction of quadratic terms (always di�cult
to identify experimentally).

g12, g16 and g61 are non-dimensional positive scalar functions accommodating the coupling of growth
for the individual damage variables in the various damage modes. These coupling terms are not a-priori
described by constant coe�cients for the microstructural observations revealed, whatever the imposed
loading, matrix microcracks and induced debonds of di�erent characteristic sizes and surrounding media
taking place sequentially. Each of these damage entities should thus be expected to in¯uence di�erently
the variation of the compliance tensor components.

Given the restrictions previously established, the evolution law of o12 is simply assumed to be directly
linked to the damage variables oi = 1,2,6:

o12 � f �o1,o2�, �17�
where f is a material-dependent non-dimensional function. Such a formulation implies that shear
components only indirectly in¯uence S12 through their coupling e�ects in o1 and o2. In order to
maintain consistency with both the observed mechanical behavior in tension/compression within the
®ber axes and the thermodynamic restriction given by Eq. (9), Eq. (17) is further explicited as:

o12 �
(

min�f �o��,1� if H0� _o6�Y6 � 0

min
ÿ
f �o��,omax

12

�
if H0� _o6�Y6 > 0

�18a�

with 8>>><>>>:
o� � Sup

tRt
�H0�s1�o1 �H0�s2�o2�jt

omax
12 � 1ÿ S0

11

S0
12

�����������������������������������1� o1��1� o2�
p

,

�18b�
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where function H0, introduced for the sake of simplifying the notations, only di�ers from the usual
Heaviside function by its de®nition at the origin: H0(0)=0.

The positiveness of the expression H0� _o6�Y6 serves as a condition indicating the presence of shear
induced 458-microcracks: Shear damage is supposed to take place if an increase of the shear damage
parameter o6 occurs in conjunction with the presence of a shear stress component in the imposed
loading.

3.2.3. Active/passive damage evolution
As previously indicated, the complete closure of the microcracks present in the material generates a

passive damage state for which the initial elastic properties are recovered. In this respect, the following
two main problems related to the presence of a shear component in the imposed loading have to be
addressed:

(i) shear load reversal: if the shear stresses are reversed, the principal stresses interchange their
directions. Since the shear-induced microcraks are inclined at 458 to the ®ber axis, a shear load
reversal will thus tend to close one system of cracks (e.g. at +458) while activating the opposite
system (at ÿ458)
(ii) compression/shear loadings: the superposition of a compression state over a shear component
should either impede shear damage or at least slow down the shear damage kinetics if the shear
component takes over.

3.2.3.1. Shear load reversal. The two sets of microcracks induced by shear stresses of opposite sign lead
to consider two distinct damage variables o�6 and oÿ6 with their associated equivalent deactivation stres-
ses ŝ�6 and ŝÿ6 de®ned by:

H�ŝ6�o6 � H
ÿ
ŝ�6
�
o�6 �H

ÿ
ŝÿ6
�
oÿ6 : �19�

Bringing Eq. (19) into the expression of the thermodynamic potential and making use of Eqs. (12a) and
(12b) yields:

e6 � S0
66

�
1�H

ÿ
ŝ�6
�
o�6 �H

ÿ
ŝÿ6
�
oÿ6
�
s6, �20�

and 8>>><>>>:
Y �6 �

S0
66H

ÿ
ŝ�6
�
s26

2

Y ÿ6 �
S0

66H
ÿ
ŝÿ6
�
s26

2
:

�21�

Eq. (20) thus formally replaces the shear component in the constitutive law (Eq. (14)) whereas the
thermodynamic forces Y �6 and Y ÿ6 allow us to establish the kinetic laws of evolution of the damage
variables, o�6 and oÿ6 , de®ned as follows:8>>>><>>>>:

o�6 � f6

�
Sup
tRt
hY ��6 ÿ A

ÿ
Y ÿ6

�
Y06ijt

�
oÿ6 � f6

�
Sup
tRt
hY �ÿ6 ÿ A

ÿ
Y �6

�
Y06ijt

�
,

�22a�
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with 8>>><>>>:
Y �26 �

hÿ
Y 2

6

�m�ÿ�g61�Y1�Y1�n
�� ÿg61�Y2�Y2�n

�m=ni1=m
A
ÿ
Y 2

6

� � 1� a
H0� _o6�Y 2

6

Y06
,

�22b�

where A is a non-dimensional scalar function accounting for a possible dependence of the damage
kinetics: even deactivated, cracks are still present which may thus lead to an increase of the damage
threshold upon shear reversal. Since microcracks of the same type are concerned, it has been a-priori
postulated that this dependence may be described by a positive constant coe�cient, a.

Conversely, the thermodynamic force Y6 interacting in the kinetic laws of evolution of the damage
variables o1 and o2 (Eqs. (15a), (15b) and (16)) is, in a ®rst approximation, simply de®ned by:

Y6 � Y �6 � Y ÿ6 : �23�

3.2.3.2. Compression/shear loadings. Following Poss and LadeveÁ ze (Poss, 1982; LadeveÁ ze, 1994), it is
assumed that the global compression state represents the driving force accounting for the partial/total
impediment of the shear damage kinetics. A new force, Z, based on the hydrostatic compression stress is
thus de®ned:

Z � hÿ�s1 � s2�i: �24�

The thermodynamic forces Y �6 and Y ÿ6 associated with the shear damage variables, o�6 and oÿ6 , are
then formally replaced in the equations describing the damage kinetics (i.e. Eqs. (16), (22a), (22b) and
(23)) by two functions of Z, B�Y �6 ,Z � and B�Y ÿ6 ,Z �, respectively. A possible choice for function B,
allowing a good description of the impediment e�ect with a limited number of parameters, is given by:

B
ÿ
Y 2

6

� � hY 2
6 ÿ bZ 2i, �25�

where b is a positive constant having the dimension of a compliance.
The evaluation of the shear equivalent deactivation stresses ŝ�6 and ŝÿ6 is now straightforward when

assuming that a common criterion should de®ne both the shear/compression `competition' in the
damage kinetics and the deactivation condition (i.e. function B written in this later case in terms of
stresses). More precisely, such an assumption signi®es that for a loading state located inside the loading
surface, shear cracks are considered as deactivated if the condition for a possible further shear damage
is not satis®ed (B= 0) and activated in the opposite case (B > 0). A rearrangement of Eq. (25) thus
directly yields:8>>>>>><>>>>>>:

ŝ�6 As6 ÿ
 

2bZ 2

S0
66js6j

!

ŝÿ6 Aÿ s6 ÿ
 

2bZ 2

S0
66js6j

! if s6 6� 0

and
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ŝ2
6 Aÿ Z 2 if s6 � 0: �26�

Similarly, it is also assumed that the total recovery of the initial o�-axis compliance component (Eq.
(7)) is directly linked to an hydrostatic compression state, hence:

ŝ � ÿZ: �27�

3.3. Failure prediction

The present purpose is not to establish a true rupture theory transposable at the level of real
structures but to give a good description of the ultimate damage state before the critical conditions, i.e.
slightly before the onset of a macrocrack leading to ®nal rupture. A multicriterion depending from the
type of loading and relating the di�erent rupture criteria to di�erent rupture mechanisms has been
adopted.

3.3.1. Tensile loadings
Under pure tension, ®nal failure of the composite appears to result from a brittle fracture of the ®ber

bundles and is therefore represented by a critical stress. However, in order to take into account the
damage induced progressive stress redistribution to the ®bers (i.e. the usual composite e�ect), this
critical stress is expressed in terms of an e�ective stress instead of the nominal stress. The e�ective stress
tensor ( ~sss) is related to the damage variables in the classical sense of CDM through a simple relationship
(LemaõÃ tre, 1992; LadeveÁ ze, 1994):

S0: ~sss � ÃS:sss�) ~sss �
�

Sÿ10 : ÃS
�
:sss �28�

which yields:

~si � �1�H�ŝi �oi �si i � 1,2,6: �29�
Fracture takes place when ~si � ~sri (i= 1,2), ~sri being identi®ed by mean of a simple tensile test

performed within the ®ber axis.

3.3.2. Shear loadings
As may be observed from the stress/strain curve derived from the Iosipescu shear test (Fig. 3), shear

rupture roughly corresponds to an instability condition (i.e. _s6 � 0 with _e6 6� 0). This is in line with the
fact that, under pure shear, the matrix is more prompted than the ®bers. Consequently, the in¯uence of
a shear component on the rupture behavior is introduced through a critical shear damage value, or

6,
obtained from the Iosipescu shear test at the instability (peak) point.

3.3.3. Compressive loadings
Results obtained from the compression tests suggest that, contrary to tensile loadings, all the

compressive components play a part in the rupture behavior. Following a suggestion made in reference
(LadeveÁ ze et al., 1994), a rupture criterion based on a maximum compression energy is therefore
retained. The compression energy, W �

c , is derived from the expression of the thermodynamic potential
(Eq. (11)) by introducing the classical decomposition:

si � hsii ÿ hÿsii i � 1,2: �30a�
Making use of the expressions of the equivalent deactivation stresses (i.e. ŝi � si�1,2, [Eq. (5)]) and of
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the following properties:�
x2 � hxi2 � hÿxi2
hxihÿxi � 0,

�30b�

one ®nally obtains:

W �
c �

S0
11

2

ÿ
hÿs1i2 � hÿs2i2

�
: �31�

Fracture is supposed to occur when W �
c reaches a critical value, denoted Ec, which may be

determined experimentally by a simple on-axis compression test.

Finally, under complex multiaxial loadings, it is assumed that rupture intervenes as soon as one of the
failure criteria described above is reached, hence:8>>>>>>>><>>>>>>>>:

ri � ~si
~sri
ÿ 1 i � 1,2,

r6 � o6

or
6

ÿ 1

r0 � W �
c

Ec

ÿ 1;

�32a�

F � Supi�ri �
�

r0 failed

< 0 unfailed
: �32b�

4. Application to the 2-D SiC/SiC material

4.1. Model identi®cation

The identi®cation of the functions and parameters describing the model is performed with the help of
the experimental results displayed in Section 2.

The ®rst step is to identify the initial compliance coe�cients (S0
11, S

0
66 and S0

12), the initial damage
thresholds (Y01 and Y06) and the principal damage threshold functions ( f1 and f6). This is done by
considering the stress±strain response of both the on-axis tensile test and the Iosipescu shear test, and by
plotting the respective evolution of the damage variables, o1 and o6, as a function of their
thermodynamic forces, Y1 and Y6 (Fig. 6). Appropriate forms of evolution law ®tting the data shown in
Fig. 6 have been established as:

f14o1 �
 
hY �1 ÿ Y01i

Y1c

!a1

, �33�

where Y1c is a normalizing force and a1 is a shape exponent.
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f64o6 �
0@Ln

 
1ÿ
hY �6 ÿ Y06i

Y61

!ÿa61Ab6

, �34�

where Y61 is a saturation force and a6, b6 are positive shape exponents.
The transverse strain response of the on-axis tensile test allows to plot the variation of the o�-

diagonal component S12 as a function of o1, which leads to the identi®cation of function f. This
function has been fairly ®tted by a simple linear law:

o124f �o�� � 0:34o�: �35�

These two tests, with the addition of the on-axis compression test, give easy access to the three

Fig. 6. Experimental and ®tted identi®cation of the damage threshold functions f1 (a) and f6 (b).
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constants de®ning the rupture criterion, identi®ed as:

~sr1 � 1:51 GPa,

or
6 � 4:85

Ec � 450 kJ=m3: �36�
The initial assumption of preserved orthotropy all along the loading path allows to consider o�-axis

Fig. 7. Experimental and ®tted identi®cation of the coupling functions g61 (a) and g16 (b).
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tests as being representative of multiaxial proportional loadings. The identi®cation of the equations of
the damage surfaces, i.e. functions gij and exponents m and n, may thus be simply achieved by using the
two previously determined functions, f1 and f6, and the stress±strain responses of the 208 and 458 o�-
axis tensile tests (as projected in the orthotropy axes). A simple numerical optimization method is used
to adjust m and n so that function g61 obtained from the stress±strain response e6ÿs6 of the 208 and 458
o�-axis tests coincides at the best. A similar procedure is used with the three independent strain
responses e1 (208), e2 (208), e1 (458) (i.e. at 458 o�-axis, given the balance symmetry, e1=e2) to determine
functions g12 and g16. Examples of graphs of some of the coupling functions thus obtained are given in
Fig. 7. Appropriate forms of the evolution laws ®tting these functions have been established as follows:

g12�Y2� � A12 exp

 
ÿ
�hY2 ÿ YSi

Y c
12

�a12
!
� B12, �37�

g16�Y6� � A16

 
exp

 �
Y6

Y c
16

�a16
!
ÿ 1

!
�38�

g61�Y1� � A61 exp

 
ÿ
�

Y1

Y c
61

�a61
!
� B61: �39�

Optimized values of the coupling exponents m and n have been identi®ed as:

m � 0:5; n � 1:1: �40�
The ®nal step consists in setting up the values of the two constants a and b which govern the damage

kinetics upon reverse shear and compression/shear loadings, respectively. In the absence of appropriate
experimental guidance, a rough estimation of a was derived from the results of a reversed Iosipescu
shear test performed on a closely related material [CVI-processed 2-D C/SiC (Camus and Baste, 1998)].
Similarly, constant b could not be identi®ed from the set of experiments reported in Section 2, since no
damage was evidenced upon o�-axis compression tests. A realistic value for constant b was thus derived
from a torsion/compression test performed at ONERA (with a ratio t/s=ÿ1) on a tube made of a
similar CVI-processed 2-D woven SiC/SiC composite (Maire and Pacou, 1996). The values retained for
these two constants are:

a � 0:15; b � 0:0025 GPaÿ1: �41�

4.2. Experimental veri®cation and discussion

Once the identi®cation procedure has been completed, the constitutive law is then computed in view
of performing numerical simulations of the mechanical response of the composite subject to complex
loading conditions. It should be emphasized that the explicit character of the model renders the
computational ¯ow chart very simple since no iterative algorithm is locally required at each loading
step.

Fig. 8 displays a comparison between the experiments and the computations of various on-axis and
o�-axis tension and compression tests. The excellent agreement observed between the model and the
experiments in terms of stress±strain curves as well as of ultimate failure con®rms the pertinence of the
basic assumptions made to build up the model and supports the validity of the failure criterion.
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Fig. 9 shows a comparison between the experimental and the simulated stress±strain behavior of the
material submitted to a 458 o�-axis tension/compression test, which evidences a correct description of
damage deactivation when unloading cycles are prolonged in the compression domain.

In order to increase the validity domain, it is necessary to measure the ability of the constitutive law
to predict the mechanical behavior of the material when the stress state is di�erent from those used in
the identi®cation procedure. To this end, numerical simulations of biaxial tests formally performed by
Aubard on 2-D SiC/SiC 0.4% thin wall tubes (Aubard, 1992, 1995) have been made.

Fig. 10 shows the experimental results and the numerical predictions of an internal pressure test
(interrupted before rupture) corresponding to an imposed biaxial stress state with s2=2s1. A good
agreement may be observed between experimental data and predictions, more speci®cally regarding the

Fig. 8. Comparisons between simulations (solid lines) and experimental data (dotted lines) for tension tests (a) and compression

tests (b) performed at 08, 208 and 458. Stars indicate the calculated failures.
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restitution of the di�erences between the axial behavior and the circumferential behavior which account

for the damage-coupling e�ect between the two principal orthotropy axes.

Experimental and predicted shear stress±strain curves derived from a torsion test (experimentally

interrupted before rupture at 135 MPa) performed on the tube initially damaged under internal pressure

loading are plotted in Fig. 11. Comparison made with a torsion test performed on a virgin specimen

reveals a good ability of the model in restituting, at least qualitatively, the observed damage-coupling

e�ect of the initial biaxial tensile loading on the subsequent shear behavior. However, some discrepancy

takes place when considering both the initial shear modulus and the shear damage threshold for which

the model predicts a value over 135 MPa. Given the speci®c non-proportional/sequential multiaxial state

of loading retranscribed by this test, this discrepancy should most likely be related to the initial

assumption of damageable-elasticity which led to neglect frictional sliding and the resulting hysteretic

Fig. 9. Comparison between simulation (solid line) and experimental data (dotted line) for a 458 o�-axis tension/compression test.

Fig. 10. Comparisons between simulation and experimental data (after Aubard, 1992) for an internal pressure tube test (interrupted

before rupture).
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crack opening displacements taking place in the course of unloading/reloading cycles. As a matter of
fact, crack-reopening with frictional sliding is largely responsible for the initial non-linearity observed
upon the reloading part of the cycles. Such an e�ect will obviously be intensi®ed when a shear
component, which corresponds to a 458 tension/compression biaxial loading, is added to pre-existing
tensile cracks (i.e. normal and/or parallel to the ®ber axis). This tentative explanation is supported by
post-mortem morphological observations which have con®rmed that no new cracks were generated in
torsion up to the maximum applied stress of 135 MPa, i.e. the non-linear behavior displayed
experimentally may be mostly attributed to frictional sliding.

5. Conclusions

A macroscopic model for the non-linear analysis of orthotropic CMCs submitted to complex
multiaxial loadings has been presented within the framework of Continuum Damage Mechanics. The
complicated process of damage development is reduced to the use of four state variables, the total
imposed stress and three phenomenological internal damage variables. The kinetic laws accounting for
the growth of the internal variables are given by coupled multiple damage criteria written in the
generalized space of associated thermodynamic forces and de®ned with the help of microstructural
observations of the dominating physical phenomena.

Application of the present model to a 2-D woven SiC/SiC composite requires the identi®cation of a
reduced set of material dependent functions and parameters, namely: (i) two principal damage threshold
functions, four coupling functions and two constants associated to shear damage evolution, all
accounting for damage kinetics and (ii) three constants describing ®nal failure. Moreover, it is shown
that most of these functions and parameters (at the exception of the constant describing compression/
shear interactions) may be easily identi®ed from few simple uniaxial tests.

Comparisons between experiments and numerical simulations reveal a good ability of the model for
describing the non-linear behavior observed under various on-axis and o�-axis uniaxial loading

Fig. 11. Experimental (circles, after Aubard, 1992) and simulated (solid lines) shear stress/strain curves derived from torsion tests

performed on a virgin specimen and on the tube initially damaged under internal pressure loading (tests interrupted before rupture

at 135 MPa).
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conditions. The good agreement seen with the simulation of an internal pressure tube test represents a
promising result for the prediction of real multi-axial loadings, at least when performed under
proportional conditions. The damage deactivation e�ects taking place in compression as well as the
rupture behavior are also accurately described. An important issue yet remaining to be addressed is the
incorporation of the hysteretic e�ects linked to frictional sliding which seem to be no longer negligible
under certain non-proportional loading states.

This model is well suited for an easy implementation in standard ®nite element codes and may thus be
used to predict the damage state of a structure during the initiation stage, i.e. before damage
localization. It is also possible to extend the present approach to other CMCs, providing that the
processing related residual stress ®eld generally observed may be taken into account.
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